Partial Dual and Delta-Matrix

Yile Huang

June 27, 2025

Huang, Keck, Mawalker June 27, 2025



A more combinatorial definition of ribbon graphs
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The table of Partial Dual
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Huang, Keck, Mawalkar June 27, 2025



The table of Partial Dual

/C o~

G=W,E);ACE;G’W eecE, G5



The table of Partial Dual

e Gé(e)

v

Huang, Keck, Mawalkar June 27, 2025



The table of Partial Dual

Huang, Keck, Mawalkar June 27, 2025



The table of Partial Dual

Huang, Keck, Mawalkar June 27, 2025



The table of Partial Dual

Huang, Keck, Mawalkar June 27, 2025



The table of Partial Dual

G6(e)

Huang, Keck, Mawalkar June 27, 2025



The table of Partial Dual

Huang, Keck, Mawalkar June 27, 2025



The table of Partial Dual

Non-loop Non-orientable loop Orientable loop

G\e

G/e= G%)\e

Géce)

GS(A)

Chun, C. and Moffatt, I. and Noble, Steven and Rueckriemen, R. (2018) On the interplay
between embedded graphs and delta-matroids. Proceedings of the London
Mathematical Society 118 (3), pp. 675-700. ISSN 0024-6115.
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Partial Petrial

G =(V,E); ACE; G"®W {eeFEGEFNeD
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Some Lemmas

(1) Suppose that an edge e does not belong to A4,
then G8(Avled) = (G‘g(A))g(e)

@6 = ("@)"®
(3) (62W)° P = govan

(4) (G/e)’™ = goavied\,
(5) (G\e)9@W = G8avied) /o = 6\ e
©6) G = (¢TW)™™
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Spanning subgraph

Definition:
Let G = (V,E) be a ribbon graph. G’ is a Spanning subgraph of G
iff ' = (V,E") withsome E' C E.

Examples:
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Spanning Quasi-tree

Definition:

Let G = (V, E) be a ribbon graph, and let G’ be a Spanning
subgraph of G. If G’ has exactly one boundary component, then
G' is a spanning quasi-tree of G

Examples:

ALA

= =

Huang, Keck, Mawalkar June 27, 2025



Delta-Matroid

A set system:
D = (E,F),where VF € F,F C E

ground set feasible set

Definition:
A delta-matroid is a proper set system D = (E, F) that satisfies
the Symmetric Exchange Axiom

Symmetric Exchange Axiom:
ForX,Y e F;forVvu e XAY,Jve X AY,s.t. X A{u,v} € F
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Delta-Matroid

Definition:
Let G = (V,E) be aribbon graph. And let

F = {F € E|F is the edge set of a spanning quasi—tree of G}
We call D(G) = (E, F) the delta-matroid of G.

Verification:

X A {u, v}
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Twist of Delta-Matroids

Definition:

Let D = (E,F) be a set system. For A € E, the twist of D with

respect to A, denoted by D * A, is given by
DxA=(E{AAX|X€ETF}
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An important proposition

Proposition:

Let G = (V,E) be aribbon graph,and A € E, then

D(G) * A= D(G*W)

Proof:
Non-loop Non-orientable loop Orientable loop
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An important proposition

Proof (continued):
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Proof (continued):
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An important proposition

Proof (continued):

Non-loop

Non-orientable loop Orientable loop
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(1) Suppose that an edge e does not belong to 4,
then G2AVED = (G5@)*®
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A possible use of this proposition

G\A G/A G5

\ )
I

G/A = G5\4
[ * |
G\A G5

k(G) = k(G\e) + k(G /e)

[F(D(®)]
= |F(D(G\e))| + |F(D(G/e))|

A 4

D(G\A) = D(G)\A

A 4

D(G) * A= D(G*W)
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